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Abstract 

In the preceding paper arXiv:hep-th/0604217", we construct the Dirac operator 
and the integral on the canonical noncommutative space. As a matter of fact, they are 
ones on the noncommutative torus. In the present article, we introduce the method to 
extend to the Minkowskian and Euclidean cases. As a concluding remark, we present 
a geometrical notion of our gauge theory. 
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As for the canonical noncommutative space, 



[x^^x'']=ie^"', /i = 0,l,--- ,ci-l, 

?7'^^ = diag(±l,l,--- ,1), (1) 

since the generators are represented in terms of the infinite-dimensional matrices, the 
ordinary trace, the most familiar map from matrices to c-number, as the volume integration 
is evidently divergent. Therefore we need to introduce the regularized trace which is known 
as the Dixmier trace. In Ref. 5), we construct a volume integration written as the trace 
of matrix and a Dirac operator = ^X]^=o(^'^)^ which regulates it and plays a role as 
volume element. Furthermore we show that the gauge fields Af^{x), the functions on the 
noncommutative space, are expanded in plane waves like 

A,{x)=Y,A,,ke"'^'\ (2) 
feez 

and they obey the ortho-normality condition: 



UKi.- (3) 

^J.=o 



As is obvious from this system is invariant under x'^ —>■ x^ + 27m^, n^^ Z and so we 
find that these gauge fields are those on the noncommutative torus. 

The purpose of this letter is to formulate a theory of gauge field on the noncommutative 
Minkowskian/Euclidean space-time. Although it would be done in a straightforward way to 
extend the wave number k^EZ of the plane waves to real number R: 



A,{x) = j AA^(fc)e^'=-^", (4) 
it is not trivial they follow the ortho-normality condition: 



Then we would like to show it by defining a new volume integration J = trj7. For simplicity, 
we take = 2 in the following, but it is easy to extend to the case for the general even- 
dimensional space-time d = 2r. 

We define a Dirac operator just like as in Ref. 5), 



D' = -{ala, + -], (6) 
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whose N-th eigenvalue is /iAr(D^) = |(iV + |) and it's degeneracy mAr(D^) = 1. Also we define 
a Dixmier trace tr^^ and volume integration J on Minkowskian/Euclidean noncommutative 
space as 

TV 

tTaa= lim m„(a)//„(a), 

n=0 

a = I- tin D^'^a. (7) 
o 

In general, for the case of d-dimensional space-time, /a = ^jj^ ii q D~'^a. This integral 
diverges for the unit matrix 1 in contrast to the case of the torus: ^-^ 

r I 1 ^ / 

/ 1 = - tri2 = - lim V 1 X ^ n + - = hm log A^. (8) 

n=0 ^ ^ 

However we will find that this divergence turns out to be convergence in the sense of the 
hyperfunctions, i.e. Dirac delta function, when we discuss the ortho-normality of the plane 
waves. 

Functions on the noncommutative space are expanded as 

(9) 



To show (jni), we evaluate the left hand side of it, and find that the result almost coincides 
with that of Ref. 5) in it's form: 



^ 1 



n=0 ^ 

^-l{ko-lof-l{ki-hf+i{koh-kilo) 



^ 1 

X lim ^ -—jF ([-n], [1], |(fco - hf + f (^i - hf) , (10) 



n=0 ^ 

except for the wave number being real number R. Here, F{[—n\, is the Laguerre 

polynomial, 

J'L J' ^ Z-^ ml m\(n-m)\ ^ ^ 

m=0 ^ ^ 

As is well known, L„(z)e~^^ organize the ortho-normal basis in < 2 < +00: /q^°° dze~^ Ln{z) Lm{z) 
6nm- Also (fTUj) includes the very form of the basis, Sn{z) = J2n=o ^^^'^^-^^l-^)' ^^0^ exclud- 
ing the phase factor ^^(i^oh-kiio) ^\i[q}^ jg irrelevant to the behavior in the limit N -^00. There- 
fore the sequence 6n{z) can be normalized for any N, i.e. we can regard it as the sequence 
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which satisfiy /g °° dz S^iz) = 1. And, in view of (jHl), we have MmN^ao ^Niz = 0) = +00. As 




Fig. 1. The behavior of 5j\f{z) = "^^=0 2^L„(z). The blue, red and green hnes denote the 

cases for = 1, 50 and 500 respectively. 

is shown in Fig. ^ the larger becomes, the more 6n{z) sharpens at z = and the more 
convergent it becomes at 2:^+00. Next, let us investigate the behavior of 6^(2) at A^^oo 
by utilizing the genetating function of Ln{z), 



n=0 



1 -t ' 

Integrating the both sides of (jllj) with t, we obtain 



\t\ < 1. 



E 

n=0 



n + 1 



Ln{z)e 



dt 



1-t' 



1-t 



(12) 



Here, we have in front of Ln{z) which differs from of 6n{z), which is irrelevant 



n+7 



when 00. Ei{—x) = — dq ^ is the well-known exponential integral. Then we find 
limAT^oo Sn{z) = 0, 2; > if we take t — > 1_ with z keeping fixed. From these considerations, 
we acquire limAr^oo '^Ar(^) = ^{z), i.e. the right hand side of (fTUj) converges in the sense of 
Dirac delta function, and (0) is fulfilled. As a result, the integral / picks out the zero mode: 



a(x) = a{kfj_ = 0). 



(13) 
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Of course the unitary invariance can be checked in the exactly same way as in Ref. 5). And the 
action S'yM of the gauge field on the 4-dimensional Minkowskian/Euclidean noncommutative 
space is found to be 

Sym = II [A^{x),A,{x)W{S^),A''{x)] + [A,{x'),A,{x')][A^{x'),A''{x')] 

d'^kd'^td^md^n A^{k)A,{r)A^{m)A-'{n) sin ^^^^ sin 
^ (fc + /)^(m + n).^^- ^4^g + r+ ^ + ^) _ h-j6-"^''5\0). (14) 

It is obvious that / l = limAr_^ log A^ = 5''(0). 

Finally, let us make some comments. Our gauge theory (jl4j) lacks a kinetic term and also 
"momentum" field U^r^dtA^ conjugate to A^. Furthermore, as we guess also from Refs. 3)- 
5), the algebra of our noncommutative space is, in principle, the Heisenberg algebra, to be 
exact, the linear transformation of it. Therefore, we may consider the second quantization 
method should be 

[A,{k),A,{r)] = 2e-Js\k-r), (15) 

in the operator formalism, just in the same way as the space-time itself. Then, if we take a 
proper linear combinations of A^{k) like x^, they turn out to be the creation and annihilation 
operators of the harmonic oscillator system. 

Next, for the gauge theory on the ordinary commutative space, we have the term as 
A''^{k)Al{l)A'"'{rh)A'"^{n)f''^^f^'^'' instead of (HI which includes the structure constant /"^" 
of the Lie algebra [T°',T^] = if°-'"^T'^, while there exist in fll4|) the noncommutative structure 
of the space-time and a mysterious "cosmological" constant term —^0~^6^{0). This constant 
term comes from the first quantization (^, i.e. the space-time noncommutativity itself, and 
is proportional to the space-time "volume". In order to delete it, it is sufficient to naively 
redefine the field strength as JF^,^ = [V^, Vu] + id^^ = —[A^{x), Ai,{x)]. Here let us think of 
its meaning. As we can see from the construction of the supersymmetric gauge theory in 
Ref. 4), the genuine component of the vector multiplet is v^{x) in Afj,{x) = Pfj, + f^(a;) by 
nature. And, as is well known, A^{x) = P^ = —0^lx'' is a solution of the equation of motion 
[y4j,[A'^, A"^]] = of the action Sym- If we regard gauge fields as a fiuctuation around the 
classical solution, the field strength is written as 

F^,u = [V^, v.] = -[A^{x),A,{x)] - iQ-l 

= -[Pm, Vy{x)] + \py, v^,{x)] - [Vf,{x),Vy{x)], (16) 
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which looks very hke that on the ordinary commutative space and lacks the term ^^J. 
Moreover, introducing a fluctuation X^{x) of the space-time coordinate itself as p^ + v^{x) = 
-e-^ix" + X^(x)), we have 

y^" = x^' + X^'ix), 

[y'^^y'^] = re^^ + [x^X'^(x)] + + 0(^2), (17) 

and if we regard the above gauge field as a gauge parameter, X^{x) seems to be a parameter 
of the infinitesimal general coordinate transformation and, so that the algebraic structure 
(|T|) may invariant under this transformation at the first order in X^, from ()17|1 . 

[x^X'^(x)] + [X^(x),r] = ^ [P^.,v,{x)] - \v,,v^{x)\ = 0, (18) 

must be satisfied. Namely Ff^i, = —[Vf^{x),Vu{x)] from (fT^ . which is the same form as the 
naively redefined J^f^^ = —[A^{x), A^{x)]. This assumption might seem to be plausible if we 
imagine that our flat noncommutative space would be a "target" space on a curved non- 
commutative manifold. Our gauge theory is not invariant under ()17|) since we consider the 
"transformation" p7|) on the flat space-time, and the gauge parameter looks like the gauge 
field. Of course, it is invariant under the unitary transformation which can be thought as 
a subclass of "transformation" (|T7j) keeping invariant. Therefore, we can conclude that 
ignoring the "cosmological constant" term which is proportional to the volume of the non- 
commutative space is equivalent to keeping the algebraic structure of the noncommutative 
space under the infinitesimal general coordinate transformation. From these considerations, 
if we preserve the invariance of the structure of the fiat Minkowskian/Euclidean noncommu- 
tative space under the diffeomorphism and consider that the action (fT^ describes the 
second order quantum fluctuation to the flat noncommutative geometry, we can eliminate 
the "cosmological constant" term —^d~^ J 1. Conversely saying, we would think the gauge 
theory (fT^ is nothing but describing the weak geometric fluctuation to the flat noncommu- 
tative space. When we carry out the quantization via the path integral formalism, we may 
need to restrict the integration region as to within the subclass which satisfies (II 8|) . 
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